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We have considered optical beams with phase singularity and experimentally verified that these
beams, although being classical, have properties of two mode entanglement in quantum states. We
have observed the violation of Bell’s inequality for continuous variables using the Wigner distribution
function (WDF) proposed by Chowdhury et al. [Phys. Rev. A 88, 013830 (2013)]. Our experiment
establishes a new form of Bell’s inequality in terms of the WDF which can be used for classical as
well as quantum systems.
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I. INTRODUCTION
Optical vortices, phase singularities of the electromag-
netic field, show interesting classical and quantum prop-
erties with a variety of applications [1–5]. They are ob-
served as dark spots in bright background. For the vor-
tex of topological charge or order n, the azimuthal phase
varies as 2pin in a full rotation around the dark spot [6].
The sense of rotation of phase provides the sign of its
charge [7]. The topological charge n can be considered
as an important parameter for such beams. One of the
main characteristics of these beams is that they carry an
orbital angular momentum (OAM) of n~ per photon [8].
This particular property has successfully been utilized
for particle manipulation [9] and quantum information
[2, 10, 11]. Vortex beams have been experimentally re-
alized not only in optics but also with electron beams
[12, 13]. These beams form an infinite dimensional ba-
sis for applications such as quantum computation and
cryptography [10]. Moreover, increase in information en-
tropy with the order of vortices can be utilised to encode
more amount of information in these structures [14, 15].
Here, we present a new aspect i.e. inseparability of posi-
tion and momentum akin to quantum entanglement, for
these fascinating optical structures.
Non-quantum entanglement has been discussed earlier
also [16–25], however, there has not been a rigorous ex-
periment showing the violation of Bell’s inequality involv-
ing inseparability of continuous variables for a classical
system. Here, we present our experiment using the theo-
retical results [26] to show that inseparable position and
momentum variables of a phase singular beam do violate
Bell’s inequality. A brief theoretical discussion on the
Bell’s inequality violation for optical vortices has been
given in Section II, experiments performed in Section III
and results in Section IV. Finally we conclude in Section
V.
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II. THEORETICAL BACKGROUND
The study of WDF for classical beams has been found
to be very useful since it can provide coherence informa-
tion in terms of the joint position and momentum (phase-
space) distribution for a particular optical field [27, 28].
The electric field of a optical vortex of order n and cen-
tered at the origin can be written in terms of Laguerre
Gaussian (LG) modes
Enm(r, φ, z) =
CLGnm
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where L
|n|
m is the generalized Laguerre polynomial with
m and n as radial and azimuthal indices. CLGnm is the
normalization constant, w(z), R(z) and ζ(z) are beam
parameters and r, φ are radial and azimuthal coordinates
respectively. For n 6= 0, such beams contain an azimuthal
phase dependence of exp(inφ) and a singularity at the
center.
The WDF for optical vortex beams can be written as
[27, 29]
Wnm(X,PX ;Y, PY ) =
(−1)n+m
pi2
Ln[4(Q0 +Q2)]
×Lm[4(Q0 −Q2)] exp(−4Q0), (2)
where {X,PX} and {Y, PY } are conjugate pairs of di-
mensionless quadratures while Q0 and Q2 are
Q0 =
1
4
[
X2 + P 2X + Y
2 + P 2Y
]
,
Q2 =
XPY − Y PX
2
. (3)
The scaled variables X, PX , Y and PY can be defined as
x(y)→ w√
2
X(Y ),
px(py)→
√
2λ
w
PX(PY ) (4)
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2and follow [X̂, P̂X ] = [Ŷ , P̂Y ] = i.
The WDF defined in Eq. 2 can be obtained by tak-
ing the Fourier transform (FT) of two-point correlation
function (TPCF) that is defined as
Φ(x, x; y, y) = 〈E(x + x/2, y + y/2)
× E∗(x − x/2, y − y/2)〉 , (5)
In fact, to determine the WDF in experiment, one mea-
sures TPCF only. We produce different orders of vortex
beams (LG modes, Eq. 1 with m=0) using spiral phase
plate (SPP) [30] and obtain two-point correlation func-
tion using interference between vortices of the same order
in a shearing Sagnac interferometer (SSI) [31, 32].
For discrete entangled systems, the Bell-CHSH in-
equality can be written as [33, 34]
B = |S(a, b) + S(a, b′) + S(a′, b)− S(a′, b′)| < 2, (6)
where (a, b), (a′, b′) are two analyser settings and S(a, b)
is the joint probability corresponding to settings (a, b).
The entanglement in quantum systems with continuous
variables is characterized by probabilities. For continu-
ous variable systems, the WDF is expressed as the expec-
tation value of a product of displaced parity operators.
Banaszek and Wodkiewicz [35, 36] have argued that the
WDF can be used to derive the analog of Bell’s inequality
in continuous variable systems.
Considering the transformation Π(X,PX ;Y, PY ) =
pi2W (X,PX ;Y, PY ) in dimensionless quadratures, the
Bell-CHSH inequality B with chosen points {a,b} ≡
{X1, PX1;Y 1, PY 1} and {a′,b′} ≡ {X2, PX2;Y 2, PY 2}
can be written as
B = Πnm(X1, PX1;Y 1, PY 1) + Πnm(X1, PX1;Y 2, PY 2)
+Πnm(X2, PX2;Y 1, PY 1)
−Πnm(X2, PX2;Y 2, PY 2) < 2. (7)
From Eq. 2, the WDF of an optical vortex beam with
topological charge n =1 (m=0 in the present case) can
be obtained as
W10(X,PX ;Y, PY ) = e
−X2−P 2X−Y 2−P 2Y ×
(PX − Y )2 + (PY +X)2 − 1
pi2
. (8)
Choosing X1 = 0, PX1 = 0, X2 = X,PX2 = 0, Y 1 =
0, PY 1 = 0, Y 2 = 0, PY 2 = PY , the Bell-CHSH parameter
can be written as
B = Π10(0, 0; 0, 0) + Π10(X, 0; 0, 0)
+Π10(0, 0; 0, PY )−Π10(X, 0; 0, PY ) (9)
= e−P
2
Y (P 2Y − 1) + e−X
2
(X2 − 1)−
e−P
2
Y −X2 [(PY +X)2 − 1]− 1. (10)
The maximum Bell’s violation considering only two vari-
ables X and PY is |Bmax| ∼2.17 which occurs at X ∼0.45
and PY ∼0.45. Considering all eight variables from
Eq. 7, the maximum Bell’s violation is |Bmax| ∼2.24
at X1 ∼ −0.07, PX1 ∼0.05, X2 ∼0.4, PX2 ∼ −0.26,
Y 1 ∼ −0.05, PY 1 ∼ −0.07, Y 2 ∼0.26 and PY 2 ∼0.4.
The violation in Bell’s inequality can be considered as
the non-separability of electric field of the beam used.
III. EXPERIMENTAL SETUP
The experimental setup to find the TPCF is shown in
Fig. 1. For this study, we have used Coherent Verdi-V10
laser with wave-length λ=532.8 nm. The power of the
laser is attenuated by rotating a half-wave plate (HWP1)
placed between two polarizing beam splitters (PBS1 and
PBS2). The remaining power was dumped on to beam-
dump (BD). The lens combination of L1 and L2 (L2<L1)
is used to reduce the beam-size, so that onlym = 0 modes
are generated. This beam is then passed through a spi-
ral phase plate (SPP) of desired order to generate opti-
cal vortices. The vortex with the vertical polarization is
coupled to the Shearing-Sagnac interferometer (SSI) that
comprises the beam splitter BS2 and two mirrors, M2 and
M3. A quarter-wave plate (QWP) and a half-wave plate
(HWP2) are kept in common path for the quadrature se-
lection. A glass block mounted upon a rotation stage is
also kept in the common path to introduce shear in two
transverse directions. Presence of beam splitter (BS1)
ensures that both the clockwise (CW) and the counter-
clockwise (CCW) fields experience one reflection from
and one transmission through the beam splitter. This
removes the effect of deviations from 50% transmission.
We have not used any neutral density filters as they were
introducing noise in the interference fringes. The two
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FIG. 1. (Color online) Experimental setup for determination
of TPCF. PBS: polarizing beam splitter; HWP: half wave
plate; BD: beam dumpers; SPP: spiral phase plate; M: mirror;
BS: beam splitter; QWP: quarter wave plate.
3counter-propagating beams are interfered and imaged us-
ing a CCD camera that is connected to computer PC.
These interferograms without image processing are used
to find the TPCF and the WDF.
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FIG. 2. (Color online) Interferograms recorded with HWP at
0o and 45o for zero shear (a, b), for nonzero shear (c, d). The
relative intensities (RI) of these interferograms are mentioned
on the inset of each frame and are scaled for observation.
Before going to the shearing interferometry, we have
calibrated the beam shear produced by the glass block for
the Gaussian laser beam hosting the vortex. For detailed
description, see appendix. The main part of our experi-
ment is to determine the TPCF [15, 31]. For various tilts
of the glass block, we have recorded the interferograms
by keeping the fast axes of the QWP and the HWP par-
allel to the incident beams’ polarization direction. In
this orientation, the wave plates have no effect on the
polarization of the optical beam, and both the CW and
CCW propagating fields travel equal optical path lengths
inside the SSI. The recorded interferograms contain the
information of Re[Φ(X, x;Y, y)]. Keeping the same lat-
eral shear values, interferograms for Im[Φ(X, x;Y, y)]
are taken after rotating the HWP by pi/4 such that both
the CW and CCW propagating fields rotate in polariza-
tion by 90◦. Similarly, the interferograms were obtained
by tilting the glass cube to corresponding positions along
x and y axes as suggested by Fig. 9. The interferograms
recorded for zero shear (X = Y = 0) are shown in Fig.
7(a, b) and for nonzero shear (X = 0.2, Y = 0.0) in Fig.
7(c, d).
IV. RESULTS AND DISCUSSION
The TPCF is obtained by subtracting the two individ-
ual beam components from the recorded interferograms.
Figure 3(a) shows the TPCF of a Gaussian beam, while
3(c) and 3(e) show the same for optical vortex of topo-
logical charge n = 1 at zero shear (X = Y = 0) and
nonzero shear (X = 0.2, Y = 0.0) respectively. To ob-
tain the WDF, we have taken the Fourier transform of the
experimentally obtained TPCF [28]. Figure 3(b) shows
the WDF of Gaussian beam while 3(d) and 3(f) show
the WDFs for the optical vortex with topological charge
n = 1 at zero shear (X = Y = 0) and nonzero shear
(X = 0.2, Y = 0.0) respectively.
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FIG. 3. (Color online) Experimentally obtained the absolute
value of TPCF (left column) and corresponding Wigner distri-
bution function (right column) for Gaussian beam (first row)
and optical vortex of topological charge n = 1 at zero shear
X = Y = 0 (middle row) and nonzero shear X = 0.2 and
Y = 0 (bottom row).
After obtaining the four WDFs at chosen shear
values (X1, Y 1), (X2, Y 1), (X1, Y 2) and (X2,
Y 2), the four dimensional addition was performed over
PX1, PX2, PY 1, PY 2 axes to determine B as defined in
Eq. 7. The experimentally obtained WDF is a two-
dimensional (PX , PY ) function, keeping two dimensions
(X, Y ) to be constant. However, after addition of four
WDFs, the Bell parameter B becomes a four-dimensional
function (PX1, PX2, PY 1, PY 2) with other four dimen-
sions (X1, X2, Y 1, Y 2) being fixed. Equation 7 shows
the generation of a four-dimensional matrix after adding
the four two-dimensional functions. However, proper
axes should be considered while adding. The maximum
value of B was determined to verify the violation of Bell’s
inequality.
Considering X1=0, PX1=0, X2=X, PX2=0, Y 1=0,
PY 1=0, Y 2=0, PY 2 = PY , the 2D surface plot of |B|
varying with X and PY , described by Eq. 9, is shown in
Fig. 4. From the plot, location of the maximum of |B|
4has been determined that matches with the theory. The
|Bmax| obtained from Fig. 4 is 2.1649±0.0079, which
indicates that the continuous variables of optical vortex
field are non-separable.
FIG. 4. (Color online) Variation of |B| with X and PY (Eq.
9) for n = 1. Theoretical (top) and experimental (bottom)
for X1=0, PX1=0, X2=X, PX2=0, Y 1=0, PY 1=0, Y 2=0 and
PY 2 = PY .
Due to the common path interferometry, the multiple
back reflections from various optical components reach-
ing the camera are one of the main issues faced during the
experiment. The small fluctuations in Fig. 4 can be at-
tributed to the finite number of data points while record-
ing the TPCF experimentally and discrete Fast Fourier
transform of that data while determining the WDF.
Corresponding to vortices of order n=1, 2 and 3 as well
as for the Gaussian beam (n=0), Eq. 7 has been solved
numerically to obtain the parameter values for maximum
B. The obtained X1, X2, Y 1, Y 2 values have been used
to select the desired shear for the experimental measure-
ments of the TPCF, which provides us the WDF through
Fourier transform. The obtained shear values for differ-
ent orders are listed in Table I.
Figure 5 shows the variation of Bell’s inequality vi-
olation (|Bmax|) for a Gaussian beam and the optical
vortices of order n =1–3. From Fig. 5, it is clear that
there is no Bell’s inequality violation for the Gaussian
beam. However, for the optical vortex beams, the Bell’s
inequality has been violated. The amount of Bell’s viola-
tion increases with the increase in order of the vortices.
n |Bmax| (X1, X2, Y 1, Y 2)
0 2.00 (0.00, 0.58, 0.00, 0.00)
1 2.24 (−0.07, 0.40, −0.05, 0.26)
2 2.35 (0.09, −0.40, 0.00, 0.00)
3 2.40 (−0.09, 0.35, −0.01, 0.06)
TABLE I. Theoretical shear values providing |Bmax|.
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FIG. 5. (Color online) Variation of |Bmax| with the order of
vortex (n) obtained at parameters mentioned in Table I.
The amount of entanglement increases with the order of
an optical vortex due to the increase in Bell’s violation
parameter (Bmax). Since the earlier results also point
to an increase in information entropy [15] - a measure of
entanglement - with the order of vortex, therefore, in the
present case, |Bmax| can be used to obtain the degree
of entanglement. To verify our numerical solution for
parameters giving maximum B, we have also performed
experiments around the point of |Bmax| and observed
that the amount of Bell’s violation decreases as we move
away from the point of maxima. It verifies our numerical
solution for parameters maximizing B.
To estimate the experimental error, twenty five sets
of interferograms were recorded. In every set of experi-
ment, four WDFs were determined and for each WDF,
four sets of inteferograms corresponding to two individ-
ual beams and real as well as imaginary components of
the TPCF were recorded. |Bmax| was calculated for each
set of experiments. The |Bmax| used in Fig. 5 is the av-
erage of twenty five |Bmax| determined from each set of
experimental interferograms. Error bars are the standard
deviations around mean for twenty five values of |Bmax|.
V. CONCLUSION
In conclusion, we have experimentally verified the
quantum like classical entanglement for optical vortex
beams. We have shown that these classical beams vio-
5late Bell’s inequality for continuous variables of position
and momentum. The extent of violation of Bell’s inequal-
ity increases with the increase in topological charge. The
violation of Bell’s inequality in phase-space (x, px; y, py)
clearly shows the existence of spatial correlation proper-
ties similar to entanglement in quantum systems for op-
tical vortices which is different compared to the Gaussian
beam. One must be able to see this type of entanglement
for electron vortex beams also due to the generic nature
of vorticity.
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APPENDIX: CALIBRATION OF GLASS CUBE
IN SHEARING SAGNAC INTERFEROMETER
In this appendix, we are presenting the method for cal-
ibrating the shearing Sagnac interferometer, which has
been used to study the Bell’s inequality violation ex-
pressed in terms of the WDF for optical vortices.
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FIG. 6. (Color online) The ray diagrams of laser beam passing
through the cube.
Before describing the experiment, we have first mod-
eled the shift in beam due to the glass block by using
Snell’s law of refraction. To obtain the calibration curve,
we have considered the laser beam falling at an incident
angle i on the cube. The ray diagram representing the
cube and the beam shift is shown in Fig. 6(a) while the
mounting arrangement of the cube is shown in Fig. 6(b).
In the present case, the separation between the center of
the cube and the linear scale on the mount is l = 5.2 cm.
t is the linear scale on the mount.
Considering the refractive index of cube as µ and its
thickness as s, from the Snell’s law of refraction, we can
write
µ =
sin(i)
sin(r)
(11)
d = s× sin(i− r)
cos(r)
(12)
From Fig. 6(b), one can write
tan(i) =
t
l
(13)
when i → 0, r → 0 and using Eq. 13, the shift in the
beam can be written as
d =
st
l
(
1− 1
µ
)
(14)
For smaller angle of incidence i.e. within the paraxial
approximation, the shift induced by the cube varies lin-
early with the incidence angle i. In the present exper-
iment, maximum tilt given to the cube was ∼ 3o, that
corresponds to the linear variation in the shift.
The optical vortex generated through spiral phase
plate (SPP) and interference pattern of vortex with itself
is given in Fig. 7. The images shown are unprocessed
images. One can notice the clarity of the vortex and the
interference fringes.
FIG. 7. (Color online) Optical vortex (left) and its inteference
with itself (right).
For calibrating the shift due to the glass cube in shear-
ing Sagnac interferometer (SSI) (Fig. 1), we put one po-
larizer inside the SSI, near to the cube. The CW beam
6passes through QWP, polarizer and then HWP while the
CCW beam passes through HWP, polarizer and then
QWP. As the vortex beam entering the SSI is vertically
polarized and the HWP is kept at (pi/4), the CCD records
only CW and CCW beams at the angle of polarizer at 0
or pi/2 respectively. The presence of QWP at 0o will not
have any effect on the beam selection. In this way, the
two beams were selected by the polarizer.
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FIG. 8. (Color online) Left and right columns correspond to
the CW and CCW beams respectively. The vertical dashed
lines show the shift in two beams due to the shear provided
by tilting the glass block.
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FIG. 9. (Color online) Calibration curve for dimensionless
shear (X, Y ) in the SSI. The x-axis (t) denotes the position
on linear scale of the mount on which glass cube was mounted.
The red line is a linear fit to our experimental data.
Starting with a zero shear, we provide gradual shear
to the beam with the glass block mounted on a rotation
stage with a linear scale. The tilt of cube is varied in
equal steps. To determine the shear between two beams,
we recorded the intensities of two beams in a CCD cam-
era with pixel size 4.65 µm. Figure 8 shows the CCD
frames recorded at zero as well as nonzero shear. One
can observe the shift in position of the beams in the im-
age frames. The width w of the vortex falling on the
CCD was determined using the 2D curve-fitting.
The scaled shear was determined using scaling relation
Eq. 4 which correspond to the linear scale on rotation
stage of the glass block. The error bar denotes the stan-
dard deviation of twenty five measurements. The cali-
bration curve matches with the linear fitting, as derived
in Eq. 14. The amount of shear as a function of lin-
ear scale of the rotation stage has been shown in Fig. 9.
This calibration curve is further used in the experiment
for the Bell’s inequality violation in terms of the WDF
for optical vortex beams.
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